A semiflexible Gaussian chain model is used to determine the statistics and correlations of single-molecule fluorescence resonant energy transfer ͑FRET͒ experiments on biological polymers. The model incorporates a persistence length in a Rouse chain and describes single-chain dynamics with normal modes. The hydrodynamic interaction is included in the dynamics of the semiflexible Gaussian chain on the preaveraging level. The distribution functions of the fluorescence lifetime and the FRET efficiency provide direct measures of the chain stiffness, and their correlation functions probe the intrachain dynamics at the single-molecule level. When measured with finite time resolution, the instantaneous diffusion coefficient for FRET is much smaller in the collapsed structure than in the coiled structure, and the variation has a quadratic dependence on the donoracceptor distance. In the fast reaction limit, single-molecule FRET lifetime measurements can be used to map out the equilibrium distribution function of interfluorophore distance. As an example of microrheology, the intrinsic viscoelasticity can be extracted from single-molecule tracking of the Brownian dynamics of polymers in solution.
I. INTRODUCTION
Single-molecule techniques provide a powerful method to measure the conformational structure and dynamics of synthetic and biological polymers. Examples include recent progress in studying the response of single DNA molecules under twisting and stretching and probing the relaxation dynamics of polymers on short time and length scales. One promising candidate for studying these time and length scales in polymers is fluorescence resonant energy transfer spectroscopy ͑FRET͒. In these experiments donor and acceptor dye molecules are attached to the polymer at two different points. A laser is used to pump the donor dye to an excited state. Depending on the distance between the donor and acceptor molecule, nonradiative energy transfer from the excited donor dye to the acceptor dye may occur, which results in the fluorescence of the acceptor dye molecule. The light intensity at the fluorescence frequency of the acceptor molecule is strongly dependent on the distance between the two molecules and can be used as a measurement of this distance. With current synthetic techniques, the position of the donor and acceptor dyes on a polymer like DNA can be controlled, which allows us to explore the polymer dynamics on any length scale. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] This technique has been used to investigate the denaturation of chymotrypsin inhibitor, the dynamics and folding of single peptides, the fluorescence lifetime distribution of single TMR molecules, etc. 12, 15 A similar technique based on the distance dependence of the electron transfer rate has recently been developed by the Xie group. 2 Using a different set of single-molecule techniques, Chu and co-workers observed the single polymer dynamics in steady shear flow, the relaxation of a single DNA molecule, the response of a flexible polymer to a sudden elongation flow, etc. 16 -18 In comparison with bulk experiments, these single-molecule experiments have several advantages, such as the removal of inhomogeneous averaging, the direct observation of intramolecular dynamics without the subtraction of the solvent background as is done in bulk measurements, and site-specific measurement of a polymer chain. 8 Motivated by the experimental progress, we analyze the information revealed by single-molecule measurements and calculate their single-molecule quantities based on the Brownian dynamics of semiflexible ideal Gaussian chains.
An ideal polymer assumes random coil configurations and follows Gaussian chain statistics. Without the explicit consideration of the excluded volume effect and the geometrical constraints, the simple Rouse model treats the connectivity between next neighbor pairs by harmonic bonds. But biological polymers are stiff on the length scale ranging from 5 nm for microtubes, 17 nm for actin, and up to 50 nm for DNA. 13, 14 Most single-molecule experiments are performed on length scales where the polymer exhibits some rigidity so that the Rouse Gaussian chain model will have to be extended. In Sec. II, we modify the Gaussian chain model by introducing the persistence length that prevents the polymer from being flexible on all length scales. Similar models for semiflexible chain have been studied by Kratky and Porod, Harris and Hearse, Freed, Fixman and Kovac, Ha and Thirumalai, and others. [19] [20] [21] [22] [23] [24] [25] [26] [27] Interest in these semiflexible chain models is revived by the effort to model singlemolecule force measurements of proteins and DNAs. Our emphasis here is to formulate the semiflexible model using the analog to the Ornstein-Uhlenbeck random walk process and thus incorporate the persistence length into the Rouse model in a natural and rigorous way.
In order to interpret single-molecule experiments and extract the desired information on polymers, we need to calculate the dynamics of semiflexible chains. In Sec. III, we a͒ Electronic mail: jianshu@mit.edu solve the Brownian dynamics by performing a normal mode decomposition of the Langevin equation of a polymer chain. This normal mode decomposition is similar to the standard decomposition performed in the Rouse and Zimm models, with a modification to account for the short length scales that this paper considers. The model calculation can be elaborated by including excluded volume and hydrodynamic effects under a similar approximation made in the Zimm model. 28, 29 Using the normal mode approach, we calculate distance-distance correlation functions that are relevant for single-molecule measurements.
In FRET experiments, people can measure the separation of two dye molecules attached to the polymer chain. The fluorescence energy transfer reaction usually occurs on a nanosecond time scale while the intrachain relaxation takes millisecond or even longer. 9, 11, 12 Hence the FRET lifetime as well as the FRET efficiency is a ''snapshot'' of the transient configuration. The correlations of the FRET lifetime and the FRET efficiency reveal the slow intrachain relaxation process that modifies the donor-acceptor distance. In Sec. IV A, the distribution of E is derived to show different features to distinguish collapsed and coiled conformations. In Secs. IV A and IV B, the FRET efficiency and the lifetime correlation functions are formulated for the semiflexible chain model introduced in Sec. II. These two correlation functions are directly related to the distance correlation function characterizing the intrachain motion, and thus provide experimentally reliable measures to probe the conformational dynamics. Furthermore, each measurement of the donoracceptor distance in real experiments corresponds to a large number of polymer configurations. To differentiate them, the instantaneous diffusion coefficient is calculated in Sec. IV C to probe the variation of the donor-acceptor distance with time, and yielding information about the mean square distance as well as instantaneous distance between the dye molecules.
To model FRET experiments, we treat the reaction dynamics as a convolution of the polymer motions and the actual energy transfer event which depends on the separation between probes. Without the intrachain motion, each fluorescence lifetime corresponds to a specific donor-acceptor distance R nm . And the fluorescence lifetime distribution function directly reflects the equilibrium distribution of intrafluorophore distance. 12 However, the slow intrachain dynamics slightly modifies this correspondence and brings another configuration-dependent weighting factor. In Sec. V, the FRET lifetime in the fast reaction limit is discussed to incorporate the intrachain motion during the energy transfer reaction. Inhomogeneous cumulant expansion of leads to a weighted inhomogeneous reaction time, which serves as a perturbative correction to the static lifetime ϭK Ϫ1 . Thus through single-molecule lifetime measurements one can map out the distance distribution function even with intrachain relaxation.
The single-molecule spectroscopy and imaging directly track the Brownian dynamics of polymers in solution, which determines the viscoelasticity property from the correlation function of single molecules. The single-molecule approach has become known as microrheology in analogy to rheology, which studies the viscoelasticity behavior through the response of the bulk material to applied mechanical perturbation. 30, 31 Evidently, rheology and microrheology measurements are related to each other, and this relationship will be explained in Sec. VI through the example of the intrinsic viscosity. The theoretical calculation of polymer viscosity has a long history, ranging from Kirkwood's classical treatment, to the formulation by Fixman, Bixon and Zwanzig, etc. 32, [35] [36] [37] In Sec. VI, we relate the correlation function of intrachain dynamics on the single polymer to intrinsic viscosity and evaluate the viscosity explicitly with the consideration of the persistence length. Our expression for the intrinsic viscosity is related to the correlation function formula discussed by Felderhof, Deutch, and Titulaer, 38 but is further simplified for the application to single-molecule measurements of Gaussian chain dynamics.
II. SEMIFLEXIBLE GAUSSIAN CHAINS
Before calculating the dynamics, we first develop the Gaussian model with a persistence length. Consider a discretized version of a continuous polymer chain without explicit account of the excluded volume effects. The nth unit of the polymer is at a position denoted r n . The bond vector u n ϭr n Ϫr nϪ1 separates two neighboring units of the polymer chain. It should be noted that the bond vector does not correspond to an actual chemical bond nor do the subunits correspond to a single monomer.
Although the focus of this paper will be on single polymer dynamics, we start by examining the equilibrium distribution of the polymer chain. Averaging u and u 2 over all possible orientations gives ͗u n ͘ϭ0 and ͗u n 2 ͘ϭa 0 2 with a 0 the bond length. To describe the rigidity of the polymer chain, we define the correlation between two bonds as ͗u n u m ͘ ϭa 0 2 b ͉nϪm͉ with 0ϽbϽ1. If bϭ1, every u n must point in the same direction resulting in a rigid rod. If bϭ0, there is no correlation between two bond vectors and the chain is an ideal Gaussian chain on all length scales. The total length of the polymer is the sum of all the individual bond vectors, Rϭ ͚ nϭ1 NϪ1 u n , where NϪ1 is the number of bond vectors.
Using the relations between bond vectors we have ͗R͘ϭ0
and
͑1͒
In most applications to polymers the second term would be neglected because of the large N limit, which gives us the In the continuous limit, the expression for ͗R 2 ͘ becomes
For the long chain length limit we get the expected scaling relation for a random Gaussian chain
where L p is the persistence length defined earlier. Note the extra terms for the initial and final vectors u 1 and u NϪ1 in Eq. ͑4͒ are necessary for satisfying the chain homogeneity, i.e., the length of each bond is constant on average. The Boltzmann distribution generated from this potential function rigorously reproduces the Gaussian statistics as introduced in Eq. ͑1͒. For a long Gaussian chain, we take the continuous limit as
where the bond index is treated as a continuous variable. Clearly, from Eq. ͑5͒, the semiflexible model exhibits the same long chain asymptotic behavior as the original Rouse modes as well as the proper behavior for a stiff rod on shorter length scales. Similar results have also been obtained by Winkler, Reineker, and Harnau 39 using the maximum entropy method and by Ha and Thirumalai 27 using a mean-field approach. As noted by Lagowski, Noolandi, and Nickel, 40 the Gaussian chain thus generated is homogeneous and has an exponential decay correlation, which are the properties of the OrnsteinUhlenbeck process. Earlier adaptations of the process to stiff chains treat the boundaries differently and do not lead to the chain homogeneity implied in the Gaussian statistics.
III. BROWNIAN DYNAMICS OF SEMIFLEXIBLE CHAINS
Single-molecule experiments measure trajectories of intrachain motions of polymers, and the interpretation of such measurements is helped by model calculations of polymer dynamics. The Brownian motion of a polymer chain is governed by the Langevin equation for each bead,
where f n is the random force with local Gaussian distribu-
Although the equations of motion are straightforward, the solutions to these equations are not trivial. To make the problem more tractable, we define normal modes so that the dynamics of each mode are independent and the equations of motion for these modes are simplified. For the flexible Gaussian polymer chain, one usually defines the Rouse normal modes, which have a Fourier decomposition into functions of the form cos(pn/N), where n is the bead index, N is the total number of beads, and p is an integer denoting the normal modes. The sin(pn/N) components are zero by the requirement that the derivative be zero at the end points of the polymer chain. Because the applications that we are examining are for semiflexible chains, it is advantageous to modify the Rouse mode to treat the end units more rigorously. The normal modes are defined as
where p is an integer denoting the modes. This definition removes the artificial constraint on the end point derivatives previously imposed in the Rouse normal mode decomposition. For the semiflexible Gaussian chain, the normal modes defined in Eq. ͑7͒ approximately diagonalize the potential and simplify the dynamics of the polymer chain ͑see Appendix A͒. The equation of motion for the pth mode becomes
where
͑11͒
Evidently, the random force acts on each mode independently and satisfies the fluctuation-dissipation relation.
The concept of normal modes in polymer dynamics has been directly applied to the interpretation of single-molecule experiments. For example, Winkler has calculated the normal mode relaxation dynamics of stretched flexible chain molecules, 41 which agrees with Chu's experimental data. 17 In the limit L p →1/2, the above-given normal modes recover the Rouse model discussed in standard textbooks. 29 For a rigid-rod like polymer, L p →ϱ, all the normal modes will be suppressed, keeping only the center of mass motion. Exact numerical solution of the original equation of motion in Eq. ͑6͒ will keep both the transnational and rotational motion of the rigid rod. Through the Brownian dynamics of the semiflexible chain, one can relate single-molecule FRET measurements to the correlations between the sites on the polymer chain where two dye molecules are attached. We define the distance between the two beads on the polymer chain R nm ϭr n Ϫr m , where m and n correspond to the index of the two points on the polymer chain. In terms of normal modes we can express this quantity as
The propagation of the normal modes follows the Smoluchowski equation in a quadratic potential ͑see Appendix A͒.
The correlation between R nm (0) and R nm (t) is
At tϭ0, the above-noted expression gives the mean square distance between the nth and the mth beads along the chain, R nm 2 , as is given in Eq. ͑B4͒. Direct evaluation of the sum in the equation is plotted in Fig. 1 , where R nm 2 shows a quadratic dependence on ͉nϪm͉ for small ͉nϪm͉ and a linear dependence on ͉nϪm͉ for large ͉nϪm͉.
͑1͒ In the short time region, summation over the firstorder Taylor expansion of each exponential function leads to
so each bead undergoes instantaneous diffusive motion in three-dimensional space without feeling the interaction of the polymer chain. This short time behavior does not depend on the persistence length and exists in the ideal Rouse chain as well. ͑2͒ In the intermediate time region, each normal mode decays with various rates, and contributes jointly to the correlation function ͗R nm (t)•R nm (0)͘. For different degrees of stiffness, the correlation function has different time scales. In the large N limit, the summation over p can be approximated by an integral from 1 to infinity, resulting in
where t*ϭ6Dt/(a 0 2 ) is the reduced time, and ⌫(␣,z) ϭ͐ z ϱ x ␣Ϫ1 exp(Ϫx)dx is the incomplete gamma function. As shown in Fig. 2 , the normalized distance correlation function (t)ϭ͗R nm (t)•R nm (0)͘/͗R nm 2 ͘ decays nonexponentially for both flexible and stiff chains. The decay time increases with the persistence length.
͑3͒ In the long time region, only the slowest mode survives, and the correlation function becomes
which represents the fundamental relaxation mode of the polymer chain. At this point, the model that we have constructed is similar to the Rouse model, where the only interactions are those dictated by the connectivity of the polymer. It is known that the Rouse model does not reproduce experimental results because spatial interactions between two monomers separated by large distances along the polymer backbone are important. To develop a more realistic polymer model, we should include real polymer interactions like hydrodynamic and excluded volume effects. These effects can be included FIG. 1. The mean square distance between the nth and the mth beads given in Eq. ͑14͒ for a polymer chain with 5000 beads. Here a 0 is taken as the unit length and the persistence length L p is taken as 500. As shown in Eq. ͑C6͒, R nm 2 has a quadratic dependence on ͉nϪm͉ for ͉nϪm͉ӶL p , and is proportional to ͉nϪm͉ for ͉nϪm͉ӷL p .
by similar approximations introduced in the Zimm model. We discuss hydrodynamic interactions briefly in Appendix D.
From the above-mentioned analysis, it is apparent to note that the interfluorophore distance R nm follows an effective diffusion process, with the Green's function in Eq. ͑B8͒ characterizing a Gaussian process with nonexponential correlation. ͐ 0 ϱ (t)dt provides a time scale for the effective diffusion, the effective diffusion coefficient in the potential of mean force can be formulated as 6D eff 
which is generally different from the diffusion coefficient 2D used in Pastor, Zwanzig, and Szabo's work, 42 where D ϭk B T/ is the diffusion coefficient for each polymer bead. As discussed later in Sec. IV C, the diffusion coefficient 2D only reflects the diffusive motion of each polymer bead independently and contains no information about the collective motion of the polymer chain.
IV. SINGLE-MOLECULE FRET OF SEMIFLEXIBLE CHAINS
Single-molecule fluorescence resonant energy transfer ͑FRET͒ allows us to measure the separation of donor and acceptor dye pairs on a single polymer chain. In a simple experimental setup, the donor and acceptor are located on specific sites on the polymer chain. According to Förster theory, resonant energy transfer is mediated by the dipoledipole interaction, and the transfer rate depends on the donor-acceptor separation as K(R)ϰ1/R 6 . The inverse sixth-power law leads to a sensitive probe of intrachain dynamics, which has been exploited extensively in recent single-molecule experiments. To interpret the FRET experiments and extract the desired information, we calculate single-molecule quantities for the intrapolymer energy transfer process, which is controlled by the polymer conformations.
A. Distribution and correlation function of FRET efficiency
With the help of two photon-counting detection channels, one can track the real-time evolution of intramolecular and intermolecular distances of a freely diffusing individual macromolecule. 8 The instantaneous FRET efficiency E(t) is calculated from the donor and acceptor emission intensities I d and I a , using the formula Eϭ͓1ϩ␥I d /I a ͔ Ϫ1 , where ␥ is a correction factor. According to the Förster theory, the efficiency E has a strong dependence on the interfluorophore distance, Eϭ͓1ϩ(R/R F ) 6 ͔ Ϫ1 , where R F is the Förster radius. The Förster energy transfer occurs on the nanosecond scale, whereas conformational changes of polymers usually occur on the millisecond scale or even longer. Therefore the donor and acceptor fluorophores quickly reach kinetic equilibrium under a laser pump, and hence the efficiency E provides ''snapshots'' of the polymer configurations over time. The correlation of the FRET efficiency, defined as,
provides additional information on conformational dynamics on a large time scale that is difficult, and sometimes impossible, to obtain by conventional techniques. 9 For the semiflexible Gaussian chain introduced in Sec. II, we evaluate the correlation function explicitly. Assuming that the donor and acceptor dye molecules are attached to the nth and the mth beads of a single semiflexible polymer chain, the FRET efficiency E is related to the interfluorophore distance R nm by
The interfluorophore distance R nm is governed by the Brownian motion of the polymer chain. The equilibrium distribution and evolution derived in Appendix B are
where (t) is the normalized correlation function of the interfluorophore distance given in Eq. ͑B5͒. 
For small R F , we can approximate Eq. ͑18͒ as a delta function and show that
Ϫ1. ͑23͒
In real experiments, the FRET efficiency measurement is mainly performed in the regime where R nm рR F and the efficiency is sensitive to the interfluorophore distance only in the close vicinity of R F . Although it is difficult to obtain the analytical expression of the FRET efficiency correlation function under such condition, a numerical example plotted in Fig. 3 still shows the close relation between C nm (t) and (t). We have plotted three different cases in Fig. 3 2 for a long stiff chain. In the short time limit, C nm (t) is a combination of all the relaxation modes, while in the long time limit, only the fundamental mode exists. As shown in Fig. 3 , C nm (t) always decays on the same time scale as that of (t) for various stiffness and chain lengths, thus providing a good probe of the intrachain dynamics.
Besides the FRET efficiency correlation function, the distribution function of the efficiency is also a good measure of the chain stiffness. In general, the efficiency distribution is obtained by transforming the equilibrium distribution of R nm into the efficiency E of Eq. ͑18͒ as
ͬ .
͑24͒
As shown in Fig. 4 , plots of the efficiency distribution with different mean square interfluorophore distance display different features. As the mean square interfluorophore distance increases, the FRET efficiency sharply shifts from the unimodal peak at Eϭ1, to the bimodal distribution, and then to the unimodal peak at Eϭ0. These features are explored numerically by Srinivas and Bagchi to distinguish the disordered and ordered conformations. 43 The complicated feature of the efficiency distribution implies that the average efficiency ͗E͘ does not provide enough information of the distribution.
In a recent experiment, Weiss and co-workers investigated the single enzyme Staphylococcal nuclease with FRET. The instantaneous FRET efficiencies E(t) and the correlation functions C nm (t) were evaluated for 100 labeled Staphylococcal nuclease molecules. 9 It was observed that the correlation functions had a wide distribution of time constants, which demonstrates the complexity of the intrachain motion. 
B. Correlation of FRET lifetime
Optical methods developed recently are capable of tracking single molecules under physiological conditions in real time. The environmental changes of individual molecules induce the conformational changes of molecular configurations on a much longer time scale than energy transfer. As a result, the dynamical tracking of lifetime information provides a measure of individual molecules in nonequilibrated and heterogeneous systems, and offers details of single-molecule dynamics that are usually hidden in conventional ensemble measurements.
The decay of the fluorescence on the donor includes radiative decay and nonradiative energy transfer,
where R F is the Förster radius and D is the fluorescence lifetime without acceptor. Since the intrachain dynamics occurs on a much longer time scale than the FRET process, the polymer configuration remains the same when the FRET occurs, hence the lifetime is a ''snapshot'' at the transient conformation,
Continuous ''snapshots'' of transient configurations reveal the correlation between two configuration-controlled lifetimes, which reflects the slow intrachain motion that modifies the donor-acceptor distance R nm . The lifetime correlation function is defined as
where ͗¯͘ is the average over various initial configurations of a given pair, and the configuration-controlled lifetime is related to the energy transfer efficiency E discussed in Sec. IV A as ϭ D (1ϪE). Therefore, the lifetime correlation function is exactly the same as the efficiency correlation function in Eq. ͑17͒, which can be used to monitor the intrachain dynamics at the single-molecule level. The efficiency measurement discussed in Sec. IV A and the lifetime measurement determine similar quantities. Both measurements utilize the separation of the time scales for the reaction and the diffusion processes to detect the dynamical evolution of microenvironments at the single-molecule level. The lifetime method requires only one detection channel but with high time resolution usually in nanosecond scale, while the efficiency measurement requires simultaneously tracking donor and acceptor emissions but with relatively lower time resolution. Both methods are experimentally reliable for monitoring the intrachain motion in real time.
C. Instantaneous diffusion coefficient
In FRET measurements, the experimental sample with the attached donor and acceptor dyes is either adsorbed to the glass surface or prepared in solution. Fluorescence images of the sample are detected by scanning the confocal volume, and photobleaching curves of donor and acceptor are simultaneously recorded with an integration time t bin . As a result, the trajectories of the distance between two dyes are obtained. Each measurement of the interfluorophore distance R nm can correspond to a large number of polymer configurations. To differentiate them, the variation of the distance with respect to time is examined in order to understand the dynamic heterogeneity of structure. 11 The instantaneous diffusion coefficient measured in these experiments is defined as
where t bin is the experimental bin time due to the finite time resolution and ͗¯͘ G stands for the integration over the Green's function for a fixed initial separation R nm (0). For the semiflexible polymer chain, we are able to evaluate instantaneous diffusion coefficient directly with the Green's function in Appendix B, giving
This expression of D (R nm (0)) is a general result for any Gaussian process and implies the following: ͑1͒ As t bin approaches 0, only the first term survives and the instantaneous diffusion coefficient reduces to 2D ϭ2k B T/, which describes the independent diffusive motions of the donor and acceptor sites and does not provide any information of the chain-configurations or the interactions.
͑2͒ As t bin approaches ϱ, averaging Eq. ͑29͒ over the initial position R nm (0) yields the relation in the long time limit, 6D t bin ϭ2͗R nm 2 ͘ϭ͗(R nm (t bin )ϪR nm (0)) 2 ͘, where D is the diffusion coefficient of polymer beads.
͑3͒
The mean square distance in equilibrium ͗R nm 2 ͘, which is determined by the morphological structures of the polymer, relies on the condition of the solution. ͗R nm 2 ͘ in the collapsed state is smaller than that in the coiled state, and ͗R nm 2 ͘ in the coiled state is much smaller than that in the ordered state ͑rod, toroidal, etc.͒. As a result, D (R nm (0)) in collapsed structures is much smaller than that in coiled structures. ͑4͒ For a specific condition of solution when the mean square distance in equilibrium ͗R nm 2 ͘ is fixed, the variation of D (R nm (0)) has a quadratic dependence on the initial distance R nm (0)ϭ͉R nm (0)͉. These conclusions are in qualitative agreement with recent experiments on PCN-4.
11 Instead of two fluorophores attached to the same chain, the donor and acceptor dye molecules in the reported experiment are attached to each end of a double helix DNA molecule, respectively. Therefore the quadratic dependence on R nm (0) is not exactly observed. It was observed that the instantaneous diffusion coefficient in the unfolded state is one order of magnitude greater than that in the folded condition, which means ͗R nm 2 ͘ in the folded state is much smaller than that in the unfolded state.
V. THE FRET LIFETIME DISTRIBUTION
In order to calculate the lifetime distribution, we consider a general scenario where the kinetics of the system described by
where P(͓r͔,t) is the probability distribution function of the polymer chain and L is the propagation operator of the chain. As illustrated in Fig. 5 , the depletion of the population is denoted by K and the intrachain motion is governed by L. At zero time, we pump the donor dye to an excited state, and then monitor the lifetime distribution. The Laplace transform of Eq. ͑30͒ yields
where P (z) is the Laplace transform of P(t) and P 0 is the initial population. To calculate the lifetime distribution function, we take the average of Eq. ͑31͒ over the equilibrium distribution P eq and obtain the equation for the survival probability N (z)ϭ͗(zϪLϩK)
Ϫ1 ͘, where the angular brackets ͗¯͘ refer to the configurational average over the equilibrium distribution function P eq , i.e., ͗A͘ϭ͐ AP eq d N r. From N (z) we calculate the Laplace transform of the ensemble lifetime distribution as
͑32͒
In the sluggish environment, LӶK, the relaxation of the reactive system is extremely slow so that the reaction rate depends only on the transient configuration, therefore, the lifetime is ϭ P (0)ϷK Ϫ1 . The survival probability in Laplace space becomes N(z)Ϸ͗(zϩK) Ϫ1 ͘, and the lifetime distribution function is the static average over the equilibrium configuration, i.e.,
Under such conditions, the interfluorophore distance distribution as well as the transfer rate distribution can be obtained from single-molecule fluorescence lifetime measurements. 12 The ensemble averaged lifetime becomes the static average of the inhomogeneous lifetime , ͗t͘ Ϸ͗K Ϫ1 ͘. 44 However, natural functions of biological polymers are usually studied in solutions, where the static limit in Eq. ͑33͒ does not apply. Although the energy transfer reaction occurs on a faster time scale than the intrachain relaxation, it is important to include the relaxation effects in the lifetime distribution function. To take into account the polymer motion during the reaction, P (z) can be evaluated with inhomogeneous cumulant expansion for a fixed initial configuration which has been used in studying spectral diffusion, 45 giving
Here ͗¯͘ R 0 stands for the homogeneous average for a fixed initial configuration and can be calculated with cumulant expansion, for example, to first order, as
͑35͒
For the semiflexible chain model introduced in Sec. II, the inhomogeneous average is performed over the Green's function in Eq. ͑B7͒, giving
where we have applied the short time expansion of
2 )Ϸ12Dt, and D ϭk B T/. Therefore Eq. ͑35͒ can be approximated as
where in the second approximation t is replaced by the reaction time 1/K(R 0 ) for a specific configuration in the fast reaction limit. Thus the lifetime
becomes a weighted inhomogeneous reaction time and the lifetime distribution becomes a weighted average over inhomogeneous configurations,
͑39͒
For the FRET rate described in Eq. ͑25͒, the weighting factor can be evaluated explicitly as where D is the fluorescence lifetime of the donor dye without acceptor. When the diffusion coefficient increases, small R 0 or large FRET rate will be favored, thus the lifetime distribution will be shifted toward small , hence the ensemble averaged lifetime decreases. Variational treatment by Portman and Wolynes has rigorously proved that the static and the dynamic averages are the upper and the lower bounds on the ensemble averaged survival probability for general diffusion-controlled reactions. 44 In the limit when D→0, the small FRET rate contribution will be maximized and the lifetime reduces to the reaction time for a static configuration, ϭK Ϫ1 . Given the functional form of the energy transfer rate, each measurement of lifetime corresponds to a fixed donor-acceptor distance. Therefore, by measuring the FRET lifetime distribution, one can map out the distribution function of interfluorophore distance. This mapping however is modified according to Eq. ͑40͒ by taking into account the diffusional effect.
VI. INTRINSIC VISCOSITY
From standard viscoelasticity theory, the stress tensor is measured under the external shear flow v x ϭ␣(t)y and is related to the desired time-dependent viscoelasticity (t)
, where p (t) is the viscosity contribution from polymers. Given (t), the intrinsic viscosity is ͓͔ϭ͐ 0
, where is the mass density of the polymer and s is the solvent viscosity. Similarly, we can determine the storage modulus GЈ() and the loss modulus GЉ() from the viscoelastic response p (t).
We derive the microscopic expression for the polymer viscosity p (t). We begin with the definition of the intrinsic stress tensor
where P is the distribution function of the Gaussian chain at time t and c is the number concentration of the beads. In Eq. ͑41͒, the solvent contribution is not included in the stress and p,xy (t) is the contribution from single polymers. Under the shear flow, the distribution function of the polymer chain follows Ṗ (t)ϭLP(t)Ϫ ͚ m ‫ץ‬ mx ͓␣(t)r my P(t)͔ where the operator L dictates the free propagation of the polymer and the second term is due to the external flow. To first order in perturbation, we have
where P 0 ϭ P eq is the equilibrium distribution. Substituting Eq. ͑42͒ into Eq. ͑41͒, we find
which is the linear response expression found in literature. 36, 38, 46, 47 Applying the Gaussian factorization to the above-given expression leads to
where we assume the motions along different Cartesian coordinates are decoupled. The Gaussian factorization and the decoupling assumption hold exactly for the Brownian motion of Gaussian chains.
The key result of this section is the last expression in Eq. ͑44͒, which relates single chain measurements to macroscopic viscoelastic responses. Here, the stability function ‫ץ‬r mx /‫ץ‬r nx measures the divergence of the trajectories with respect to initial conditions and cannot be obtained directly from bulk measurements. By virtue of this expression, we can evaluate the intrinsic viscoelasticity of a Gaussian chain by tracking bead motions along a polymer chain.
Accurate evaluation of the exact expression in Eq. ͑43͒ has been carried out by Pyun and Fixman, Bixon and Zwanzig, etc. [35] [36] [37] We will calculate the viscosity within the semiflexible Gaussian model. The viscoelasticity function in Eq. ͑44͒ can be transformed into normal modes as
where ‫ץ‬r mx /‫ץ‬x px is the unitary transform matrix element between the real coordinates and normal modes. For the semiflexible Gaussian chain, p (t) can be written as a sum over the exponentially decaying correlation functions of the normal modes
͑46͒
where p ϭ p /(2 p ) is the decay time for each normal mode. In general, application of a shear flow does not invoke stretching modes, thus, only the bending motion of the polymer chain is considered in the expression for p (t). Therefore the intrinsic storage modulus and the intrinsic loss modulus are ͓GЈ()͔ p ϭ͐ 0 ϱ sin t ͚ pϭ1 NϪ1 exp͓Ϫt/ p ͔dt and ͓GЉ()͔ p ϭ ͚ 0 ϱ cos t ͚ pϭ1 NϪ1 exp͓Ϫt/ p ͔. Given the expression for p in Eq. ͑A2͒ and p ϭ2N, we have
which describes both the flexible chain when L p ӶN and the stiff rod when L p уN. In the limit L p ϭ1/2, the above-given expression recovers the time constants for pth normal mode of the Rouse chain. 29 The expressions for ͓GЈ()͔ p and ͓GЉ()͔ p simplify in the following two cases: ͑1͒ In the low frequency limit, 1 Ӷ1 and 1 Ј Ӷ1͓GЈ()͔ p and ͓GЉ()͔ p are approximated as
͑49͒
Therefore, ͓GЈ()͔ p and ͓GЉ()͔ p are proportional to 2 and , respectively, and reduce to the stiff rod limit when L p уN.
͑2͒
In the high frequency limit, 1 ӷ1 and 1 Јӷ1, the sum over p is approximated by an integral, so that
For the stiff chain, the bending motion has a 1/4 dependence at high frequency, which implies p (t)ϰt Ϫ1/4 when tӶ 1 Ј . This is consistent with the findings of the polymer bending motion in Refs. 48 and 49.
As shown in Figs. 6 and 7, numerical calculations of the intrinsic storage GЈ() and loss moduli GЉ() from the viscoelastic response function p (t) in Eq. ͑46͒ confirm the two different scaling regions for both flexible and semiflexible chains. In the numerical calculation, the number of beads on the polymer chain is taken as 5000, the persistence length L p is 5 for the flexible chain and 500 for a semiflexible chain.
In solvent, the intrinsic moduli for the semiflexible chain can be calculated with p obtained by the preaveraging method in standard textbook, 29 as shown in Appendix D. ͑1͒ In the low frequency limit, similar to the abovementioned derivation, ͓GЈ()͔ p and ͓GЉ()͔ p are still proportional to 2 and , respectively. ͑2͒ In the high frequency limit,
which are proportional to 2/3 and
, respectively.
VII. CONCLUDING REMARKS
In Secs. II and III, we formulated the semiflexible Gaussian chain with analog to the Ornstein-Uhlenbeck random walk process and incorporated the persistent length into the Rouse model. The mean square bead-bead distance ͗R nm 2 ͘ is studied for different degrees of stiffness. For a flexible chain, the mean square distance exhibits the scaling relation for a random Gaussian coil ͗R nm 2 ͘ϭ2L p ͉nϪm͉a 0 2 ; while for large persistence length, it scales as a rigid rod, ͗R nm 2 ͘ϭ͉nϪm͉ 2 a 0 2 . To study the intrachain motion of semiflexible chains, the evolution of R nm is calculated based on the normal mode decomposition of the Langevin equation of a semiflexible polymer chain. The resulting Green's function resembles a Gaussian process within a potential of mean force. The Brownian dynamics of the semiflexible chain shows that the correlation function ͗R nm (t)"R nm (0)͘ has a much longer time scale for a stiff chain than for a flexible polymer.
In Sec. IV, we have considered the fluorescence resonant energy transfer ͑FRET͒ process on a semiflexible chain, where a donor-acceptor pair attached to the nth and the mth polymer beads are used to probe the conformational dynamics. The fluorescence lifetime correlation function and the FRET efficiency correlation function are closely related to the normalized distance correlation function (t). Thus both the lifetime correlation and the FRET efficiency correlation can be employed as possible measures of the intrachain dynamics. Furthermore, the instantaneous diffusion coefficient due to finite time resolution t bin has been calculated within the theoretical model. As t bin →0, the instantaneous diffusion coefficient is obtained from the independent diffusive motion of the donor and acceptor sites. When measured with finite time resolution, the instantaneous diffusion coefficient
2 (t bin )͔/t bin ϩR nm 2 ͓1Ϫ(t bin )͔ 2 /t bin is much smaller in the collapsed structure than in the ordered structure, and the variation has a quadratic dependence on the donor-acceptor distance R nm . Some of these predictions are in qualitative agreement with reported experiments. 11 In FRET experiments, the intrachain dynamics usually occurs on a much longer time scale than the energy transfer reaction. In Sec. V, the FRET lifetime is discussed in the fast reaction limit. With inhomogeneous cumulant expansion, we have shown that the lifetime is a weighted reaction time for a given initial configuration, ϭK(R 0 ) Ϫ1 ϫexp͓ϪD͚ ‫ץ‬ ‫ץ‬ K(R 0 )/K(R 0 ) 2 ͔. When the intrachain relaxation process is extremely slow, D→0, this expression recovers the static limit, i.e., ϭK Ϫ1 , and thus, the distribution function of the donor-acceptor distance can be mapped out from the single-molecule lifetime measurements. Furthermore, recent measurements of the viscosity-dependent intramolecular quenching rate provide detailed information from the reaction-controlled limit to the diffusion-controlled limit. 33, 34, 50 Thus systematic studies and detailed analysis of the ensemble averaged lifetime is necessary to better understand the polymer dynamics. 51 The macroscopic viscoelastic response of a polymer chain is related to the bead dynamics on a single polymer by Eq. ͑44͒, from which the intrinsic elastic moduli are derived. Explicit evaluations of the elastic storage modulus and the elastic loss modulus are performed with the consideration of the persistence length L p . Our expressions exactly recover the results for the Rouse chain in the limit L p →1/2, and predict the correct scaling over frequency for the bending motion of a stiff polymer in the stiff rod limit L p уN.
Single-molecule FRET measurements of the semiflexible chain yield rich information about intrachain motion, for example, mean square distance, distance correlation function, instantaneous diffusion coefficient, and intrinsic viscosity. Further refinements of single-molecule spectroscopy will provide more accurate methods to examine the details of the intra-polymer interactions and lead to better understanding of the related issues such as protein folding and self-assembly of biological systems. Further consideration of hydrodynamic and excluded volume effects can be implemented in the theoretical model for a semiflexible chain.
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APPENDIX A: APPROXIMATE NORMAL MODES OF SEMIFLEXIBLE CHAINS
In a semiflexible chain, the potential energy is 
͒, ͑A1͒
where u n ϭR nϩ1 ϪR n is the bond between the nth and the nϩ1th beads. In the continuous limit, the potential energy reduces to Eq. ͑5͒ in Sec. II. Applying the transform of Eq. ͑7͒, we can decompose the potential energy into three parts UϭT 1 ϩT 2 ϩT 3 , where
͑A3͒
In the limit of L p →1/2 or b→0, p given in Eq. ͑A2͒ is exactly the same as the result for Rouse chain. 29 In the strong persistence limit, the first term also contributes and may even dominate for large p, yielding the worm-like chain normal modes,
In this expression, all the normal modes will be suppressed for a rigid-rod-like chain for L p →ϱ while keeping only the center of mass motion, which is a deficit of the approximate normal modes we obtained in this section. Full motion of the chain can be observed from numerical solutions of the original equation of motion in Eq. ͑6͒.
APPENDIX B: GREEN'S FUNCTION FOR THE SEMIFLEXIBLE GAUSSIAN CHAIN
As demonstrated in Appendix A, the potential energy of a semiflexible Gaussian chain is approximately diagonal and quadratic in normal coordinates x p as shown in Appendix A. The evolution of the normal modes follows the Smoluchowski equation,
where ⑀ is a small quantity that denotes the breakdown of the weak dipole-dipole interaction when R is extremely small. It is shown later in this section that the average transfer rate ͗K(R)͘ is a large quantity because ⑀ is usually small. The overall decay rate of the fluorescence on the donor molecule can be approximated by neglecting the radiative decay. ͪͬͮ .
͑C2͒

